Abstract. We extend several well-known results in group theory to gyrogroups or, equivalently, to left Bol-A ℓ -loops, including Cayley's Theorem, a portion of Lagrange's Theorem, and the isomorphism theorems. We show that an arbitrary gyrogroup G induces the gyrogroup structure on the symmetric group of G so that Cayley's Theorem is obtained. Introducing the notion of an Lsubgyrogroup, we show that an L-subgyrogroup partitions G into left cosets. Consequently, if H is an L-subgyrogroup of a finite gyrogroup G, then |H| divides |G|. We also study gyrogroup homomorphisms, quotient gyrogroups, and normal subgyrogroups and prove the isomorphism theorems.
Introduction
A gyrogroup is a group-like structure, discovered by Abraham A. Ungar [22] , but it is not a group because its binary operation is neither associative nor commutative, in general. However, gyrogroups share many algebraic properties with groups. In fact, any group can be regarded as a gyrogroup.
One concrete example of a gyrogroup is the Einstein gyrogroup consisting of the set of relativistically admissible vectors, R 3 c = {v ∈ R 3 : v < c}, and the Einstein addition ⊕ E defined on R where c is the speed of light in vacuum and γ u is the Lorentz factor given by
. Ungar illustrated that the gyrogroup structure regulates the Einstein addition of relativistically admissible vectors, just as the group structure regulates vector addition of ordinary vectors, see [25] for more details. Another example of a gyrogroup is the Möbius gyrogroup consisting of the complex unit disk D = {z ∈ C : |z| < 1} and the Möbius addition ⊕ M defined on D by
Identifying complex numbers with vectors of R 2 , Ungar [26] extended the Möbius addition from the complex case to the euclidean case:
for u, v ∈ B := {v ∈ R n : v < 1}. For another example of a concrete gyrogroup, see [14] .
The formula (1.2) being very complicated, Lawson [19] used the Clifford algebra formalism to simplify the Möbius addition:
where the product and inverse on the right hand side are performed in the Clifford algebra of negative euclidean space. Ferreira and Ren [8] established this compact formula for the Möbius addition as well, and they intensively studied the Möbius gyrogroup of the ball of radius t of the paravector space R ⊕ V , where V is a finitedimensional real inner product space. Some recent research on gyrogroups can be found in [1, 7, 16, 18] . Gyrogroup theory is closely related to loop theory in the sense that every gyrogroup is a left Bol loop with the A ℓ -property, and certain loops give rise to gyrogroups. We refer the reader to [11-13, 15, 17, 19] for more details.
In this paper, we deal with abstract gyrogroups and indicate that several celebrated results in group theory continue to hold for gyrogroups. We first show that an arbitrary gyrogroup G induces the gyrogroup structure on the symmetric group of G so that Cayley's Theorem is obtained. Furthermore, we state and prove the isomorphism theorems for gyrogroups.
The factorization of the Möbius gyrogroup was comprehensively studied by Ferreira and Ren in [6, 8] , in which they showed that any Möbius subgyrogroup partitions the Möbius gyrogroup into left cosets. The fact that any subgyrogroup of an arbitrary gyrogroup partitions the gyrogroup is not stated in the literature, and this is indeed the case, as shown in Proposition 4.5. This result leads to the introduction of L-subgyrogroups. We prove that an L-subgyrogroup partitions the gyrogroup into left cosets and consequently obtain a portion of Lagrange's Theorem: if H is an L-subgyrogroup of a finite gyrogroup G, then the order of H divides the order of G. We also provide several examples of L-subgyrogroups and non-L-subgyrogroups, both finite and infinite, concrete and abstract.
Historically, Lagrange's Theorem holds for finite Moufang loops [10] and finite Bruck loops [2] . However, these results do not cover the case of gyrogroups because there is a finite gyrogroup that is not a Moufang loop, and a finite gyrogroup is not necessarily a Bruck loop, see Example 4.8.
Many of results in this paper are proved by techniques similar to those used in group theory, where gyroautomorphisms play fundamental roles and the associative law is replaced by the gyroassociative law. Although some results such as Proposition 3.5 are known in loop theory, we prefer to give the proofs in gyrogroup version for the sake of completeness. It is worth pointing out that the results involving gyrogroups can be recast in the framework of left Bol-A ℓ -loops.
The paper is organized as follows. In Section 2, we give the relevant definitions; elementary properties of gyrogroups; and connections between gyrogroups, quasigroups, and loops. In Section 3, we examine the gyrogroup of permutations and derive Cayley's Theorem for gyrogroups. In Section 4, we give the definitions of a subgyrogroup and an L-subgyrogroup and prove a portion of Lagrange's Theorem. We then examine gyrogroup homomorphisms, quotient gyrogroups, and normal subgyrogroups and prove the isomorphism theorems for gyrogroups in Section 5.
Preliminaries

Definition and basic properties of gyrogroups.
Given a magma (G, ⊕), denote by Aut (G, ⊕) the collection of bijections of G that preserve ⊕. Each element in Aut (G, ⊕) is called an automorphism of (G, ⊕). Ungar formulated the formal definition of a gyrogroup as follows.
Definition 2.1 (Definition 2.7, [25]). A magma (G, ⊕) is a gyrogroup if its binary operation satisfies the following axioms:
Let us denote by id X the identity map on a set X and by ⊖a the left inverse of an element a in a gyrogroup. Here are elementary properties of gyrogroups: (
The following characterization of a gyrogroup is presented in [9] . Theorem 2.3 (Theorem 2.6, [9] ). Suppose that (G, ⊕) is a magma. Then (G, ⊕) is a gyrogroup if and only if (G, ⊕) satisfies the following properties:
(right loop property)
According to the previous theorem, any gyrogroup contains its unique two-sided identity 0, and each element of the gyrogroup possesses a unique two-sided inverse. The map gyr[a, b] is called the gyroautomorphism generated by a and b. Proposition 2.2 (6) indicates that any gyroautomorphism is completely determined by its generators via the gyrator identity.
Usually, gyrogroups do not satisfy the associative law, but they satisfy the left and right gyroassociative laws (g3a) and (g3b) instead. Note that every group is a gyrogroup by defining the gyroautomorphisms to be the identity map, but the converse is, in general, not true. Hence, gyrogroups generalize groups. A gyrogroup (G, ⊕) having the additional property that
for all a, b ∈ G is called a gyrocommutative gyrogroup, an analog of abelian groups. Many of group theoretic identities are generalized to the gyrogroup case with the aid of gyroautomorphisms, see [24, 25] for more details. Several identities are listed here for the purpose of reference. To shorten notation, we write a ⊖ b instead of a ⊕ (⊖b).
for all a, b, c ∈ G. 
2.2. Gyrogroups, quasigroups, and loops.
Let (G, ⊕) be a gyrogroup. To solve the equation x ⊕ a = b for the unknown x, where a, b ∈ G, Ungar introduced the gyrogroup cooperation ⊞ defined by
The next theorem ensures that every linear equation in a gyrogroup possesses a unique solution. 
With this theorem in hand, Ungar verified the right cancellation law :
for all a, b ∈ G, see Section 2.4 of [24] . For each a ∈ G, we have from the preceding theorem that the left gyrotranslation by a, L a : x → a ⊕ x, and the right gyrotranslation by a, R a : x → x ⊕ a, are permutations of G. Furthermore, it follows from Proposition 3.2 that for a, b ∈ G,
We follow [13, 17] for the definitions of a quasigroup and a loop. A magma (L, •) is said to be uniquely 2-divisible if the squaring map x → x • x is a bijection of L. A magma (L, •) is a quasigroup if for each a ∈ L, the left multiplication map, L a : x → a • x, and the right multiplication map, R a : x → x • a, are permutations of L. A quasigroup that has the identity element is called a loop.
Suppose that (L, •) is a loop, and let a, b ∈ L. The permutation ℓ(a, b) of L defined by the equation
is called the left inner mapping generated by a and b [17] or the precession map generated by a and b [13] . For a loop L, L is said to have the
By the remark after Theorem 2.7 and equation (2.7), every gyrogroup is a loop with the A ℓ -property, and the gyroautomorphisms are exactly left inner mappings. Ungar [25, Theorem 3.2] established that a gyrogroup G is gyrocommutative if and only if ⊖(a ⊕ b) = ⊖a ⊖ b for all a, b in G, which is the automorphic inverse property in terms of the gyrogroup operation. Sabinin et al. [21] showed that the left loop property is equivalent to the left Bol identity; thus, every gyrogroup is a left Bol-A ℓ -loop, and vice versa. They also showed that every gyrocommutative gyrogroup is a K-loop. Indeed, it is now a standard result that gyrocommutative gyrogroups and K-loops are equivalent.
As pointed out by many authors, there are strong connections between gyrogroups and loops. For instance, any gyrogroup with the cooperation ⊞ forms a loop, [24, Theorem 2.34]. For other examples, see [11-13, 15, 17, 19] . The following table summarizes transitions between terminology in gyrogroup theory and loop theory:
Gyrogroup theory
Loop theory gyrogroup left Bol-A ℓ -loop gyrocommutative gyrogroup K-loop, Bruck loop uniquely 2-divisible gyrocommutative gyrogroup B-loop gyroautomorphism left inner mapping Table 1 . Terminology in gyrogroup and loop theories.
Gyrogroups of permutations
Induced gyrogroups.
In [7] , the author provides us with a natural way to impose the gyrogroup structure on the set that is equinumerous to a gyrogroup. This induced gyrogroup is isomorphic to the original gyrogroup and has the same algebraic properties as the gyrogroup. By a gyrogroup isomorphism we mean a bijection between gyrogroups that preserves the gyrogroup operations. 
In the induced gyrogroup (X, ⊕ X ), φ −1 (0) acts as the identity of X, and the inverse of an element a of X is φ −1 (⊖φ(a)). The induced gyroautomorphism
Hence, φ serves as a gyrogroup isomorphism, and G and X are isomorphic gyrogroups.
and
The injectivity of L a follows from the left cancellation law. The surjectivity of L a follows from Theorem 2.7.
(2) Clearly, ψ is surjective. Next, suppose that ψ(a) = ψ(b). Then
Note that the identity element in G is id
(3) According to the gyrator identity, we have gyr
From now on, we will not distinguish between the notation for induced and usual gyroautomorphisms. Hence, equation ( 
Remark 3.3. Equation (3.1) is an abstract version of the composition law of Möbius translations of R n . According to Section 3.1 of [19] , the Möbius translation, τ u , generated by u ∈ B is given by
As a consequence of results in [19, Section 5] , one has the composition law
where γ u,v is an orthogonal transformation of R n and coincides with the gyroautomorphism generated by u and v of the Möbius gyrogroup (B, ⊕ M ).
Given a gyrogroup (G, ⊕), let Stab(0) stand for the collection of permutations of G leaving 0 fixed:
Note that Stab(0) forms a subgroup of the symmetric group Sym (G), and we have the inclusions:
The next two propositions show that the induced gyrogroup G is a twisted subgroup of Sym (G), and that G is a transversal of Stab(0) in Sym (G). Recall that a subset K of a group Γ is a twisted subgroup of Γ if (1) 1 Γ ∈ K, 1 Γ being the identity element of Γ and (2) x, y ∈ K implies xyx ∈ K. A subset B of Γ is a (left) transversal of a subgroup Λ of Γ if every g ∈ Γ can be uniquely written as g = bh where b ∈ B and h ∈ Λ, [9] .
Proposition 3.4. Suppose that (G, ⊕) is a gyrogroup. Then G is a twisted subgroup of Sym (G).
Proof. The first condition for a twisted subgroup holds:
Let a, b ∈ G. By Theorem 2.7, we may choose c ∈ G such that c ⊖ a = a ⊕ b. Applying the left and right loop properties yields
Hence, the second condition for a twisted subgroup holds.
The last equation in turn implies τ = η. Hence, the factorization, when it exists, is unique.
Let σ be an arbitrary permutation of G. Choose a = σ(0) and set τ = L ⊖a • σ. It follows that τ (0) = L ⊖a (a) = ⊖a ⊕ a = 0, and τ does belong to Stab (0) 
, and τ defines an automorphism of G.
(⇐) Suppose conversely that τ ∈ Aut (G, ⊕). For all a, x ∈ G, we have
Because a is arbitrary, we have τ Gτ
In light of the proof of Proposition 3.6, one has the
• τ whenever τ is an automorphism of G. It should be pointed out that Proposition 3.5 has an analogous result in loop theory, see Section 2 of [17] for more details. In the next subsection, we will apply Proposition 3.5 to an arbitrary gyrogroup to see how the gyrogroup structure appears in the symmetric group of the gyrogroup.
An extension of a gyrogroup.
Given a gyrogroup (G, ⊕), Proposition 3.5 enables us to introduce a gyrogroup operation ⊙ into the symmetric group of G so that (Sym (G), ⊙) becomes a gyrogroup containing an isomorphic copy of G and results in Cayley's Theorem.
For each pair of permutations σ and τ in Sym (G), suppose by Proposition 3.5 that σ and τ have factorizations σ = L a • γ and τ = L b • δ, where a, b ∈ G and γ, δ ∈ Stab(0). Define an operation ⊙ on Sym (G) by
Because of the uniqueness of factorization, ⊙ is indeed a binary operation on Sym (G). In fact, (Sym (G), ⊙) forms a gyrogroup:
where a, b, c ∈ G and γ, δ, λ ∈ Stab(0). (G1) id G acts as the left identity of Sym (G) under ⊙:
Thus, gyr[σ, τ ] defines an automorphism on (Sym (G), ⊙). Invoking equation (3.3) together with the left gyroassociative law in G yields
Hence, the left gyroassociative law holds in (Sym (G), ⊙). (G4) To verify that the left loop property holds in (Sym
Since ρ is arbitrary, it follows that gyr[σ, τ ] = gyr[σ ⊙ τ, τ ].
By using Theorem 3.7, the following version of Cayley's Theorem for gyrogroups is immediate.
Corollary 3.8 (Cayley's Theorem for Gyrogroups). Every gyrogroup is isomorphic to a gyrogroup of permutations.
Proof. The gyrogroup isomorphism a → L a maps G onto G, and G is a subgyrogroup of (Sym (G), ⊙).
Lagrange's Theorem
It is known that Lagrange's Theorem fails for loops [3, 20] . However, by imposing additional conditions on loops, Lagrange's Theorem becomes true. For instance, Lagrange's Theorem holds for finite Moufang loops [10] and finite Bruck loops (or, equivalently, finite gyrocommutative gyrogroups) [2, Theorem 3]. These results do not cover the case of gyrogroups because there is a finite gyrogroup that is not a Moufang loop, and finite gyrogroups need not satisfy the gyrocommutative law, see Example 4.8. Moreover, the following example shows that there is a Moufang loop that is not a gyrogroup.
Example 4.1. In the Moufang loop (M 12 (S 3 , 2), •) (see Table 2 ), the left inner mapping ℓ(2, 3) = (7 10 9)(8 11 12) is not an automorphism of M 12 (S 3 , 2) since ℓ(2, 3)(2 • 7) = 11 = 12 = ℓ(2, 3)(2) • ℓ(2, 3)(7).
Thus, M 12 (S 3 , 2) does not have the A ℓ -property and hence cannot form a gyrogroup.
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Subgyrogroups.
Let (G, ⊕) be a gyrogroup. A nonempty subset H of G is a subgyrogroup if H is a gyrogroup under the operation inherited from G, and the restriction of gyr[a, b]
to H is an automorphism of H for all a, b ∈ H. If H is a subgyrogroup of G, then we write H G as in group theory. This definition of a subgyrogroup has been proposed by Ferreira and Ren [8, Section 6] who coined the term gyro-subgroup.
Proposition 4.2. A nonempty subset H of G is a subgyrogroup if and only if
(1) a ∈ H implies ⊖a ∈ H, and (2) a, b ∈ H implies a ⊕ b ∈ H and gyr[a, b](H) ⊆ H.
Proof. The implication ⇒ is clear. Suppose conversely that the two conditions hold. Since H = ∅, there is an element a ∈ H so that 0 = ⊖a ⊕ a belongs to H, and axiom (G1) holds. By Next, we will show that an arbitrary subgyrogroup of a gyrogroup partitions the gyrogroup.
Proposition 4.3. Let G be a gyrogroup. Then the following are equivalent:
(
Proof. Suppose that (1) 
To complete the proof, we compute
We obtain the third equation by the composition law (3.1); the fourth equation by the remark after Proposition 3.6; the fifth equation by the composition law. It follows that gyr[⊖a, c](H) = H, which proves a ∼ H c.
For each a ∈ G, denote by [a] the set {x ∈ G : x ∼ H a}. By the previous proposition, {[a]: a ∈ G} is a partition of G. The left coset of H by a is defined to be a⊕H = {a ⊕ h : h ∈ H}. The index of H in G, [G : H], is defined to be the cardinal of {a ⊕ H : a ∈ G}.
L-subgyrogroups.
Proposition 4.6 prompts us to introduce the notion of an L-subgyrogroup, which will enable us to obtain the result: if H is an L-subgyrogroup of G, then [a] = a⊕H for every a ∈ G. As a consequence, if H is an L-subgyrogroup of a finite gyrogroup G, then the order of H divides the order of G. 2 3 4 5 6 7 8 9 10 11 12 13 14 15 0 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 1 1 0 3 2 5 4 7 6 9 8 11 10 13 12 15 14 2 2 3 1 0 6 7 5 4 11 10 8 9 15 14 12 13 3 3 2 0 1 7 6 4 5 10 11 9 8 14 15 13 12 4 4 5 6 7 3 2 0 1 15 14 12 13 9 8 11 10 5 5 4 7 6 2 3 1 0 14 15 13 12 8 9 10 11 6 6 7 5 4 0 1 2 3 13 12 15 14 10 11 9 8 7 7 6 4 5 1 0 3 2 12 13 14 15 11 10 8 9 8 8 9 10 11 12 13 14 15 0 1 2 3 4 5 6 7 9 9 8 11 10 13 12 15 14 1 0 3 2 5 4 7 6 10 10 11 9 8 14 15 13 12 3 2 0 1 7 6 4 5 11 11 10 8 9 15 14 12 13 2 3 1 0 6 7 5 4 12 12 13 14 15 11 10 8 9 6 7 5 4 0 1 2 3 13 13 12 15 14 10 11 9 8 7 6 4 5 1 0 3 2 14 14 15 13 12 8 9 10 11 4 5 6 7 3 2 0 1 15 15 14 12 13 9 8 11 10 5 4 7 6 2 3 1 0 In Table 4 , I and A stand for the identity map and the gyroautomorphism given in terms of cycle decomposition by A = (8 9)(10 11)(12 13)(14 15), respectively. In the gyrogroup K 16 , H 1 = {0, 1}, H 2 = {0, 1, 2, 3}, and H 3 = {0, 1, . . . , 7} form L-subgyrogroups since they are invariant under A. In contrast, H 4 = {0, 8} forms a subgyrogroup that is not an L-subgyrogroup since gyr [4, 8] 
For a fixed ω ∈ {v ∈ H : v = 1}, Proposition 6 of [6] states that 
Proof. Being a finite gyrogroup, G has a finite number of left cosets, namely a 1 ⊕H, a 2 ⊕ H, . . . , a n ⊕ H. By Lemma 4.13, |a i ⊕ H| = |H| for i = 1, 2, . . . , n. Therefore,
|a i ⊕ H| = n|H|, which proves the corollary.
Theorem 4.14 says that any gyrogroup has a left coset expansion with respect to its L-subgyrogroup (for the definition of a left coset expansion see [3] .)
Isomorphism theorems
In this section, we state and prove the isomorphism theorems for gyrogroups.
Gyrogroup homomorphisms.
Let G and H be gyrogroups. By a gyrogroup homomorphism we mean a map between gyrogroups that preserves the gyrogroup operations.
Proof.
(1) follows from the left cancellation law. (2) follows from the uniqueness of an inverse in a gyrogroup. (3) follows from the gyrator identity.
Proof. The proof of the first implication is straightforward. Assume that ϕ is surjective. If
, which completes the proof.
Proof. The proof is similar to the proof of Proposition 5.2.
Suppose that ϕ : G → H is a gyrogroup homomorphism. The kernel of ϕ is defined as usual:
ker ϕ = {a ∈ G : ϕ(a) = 0}. 
for all a, b ∈ G. This relation allows us to introduce a binary operation into the set of left cosets G/ ker ϕ = {a ⊕ ker ϕ : a ∈ G}. The resulting system forms a gyrogroup so that the isomorphism theorems for gyrogroups are reasonable.
Define a binary operation ⊕ on G/ ker ϕ by
This operation does not depend on the choice of representatives for the left cosets. In other words, it is a well-defined operation. To see this, suppose that c ∈ a⊕ ker ϕ and
We assert that (G/ ker ϕ, ⊕) forms a gyrogroup, called a quotient gyrogroup.
Proof. Set K = ker ϕ.
(G1) The coset 0⊕K is the left identity: (0⊕K)⊕(a⊕K) = (0⊕a)⊕K = a⊕K.
(G2) For a ⊕ K ∈ G/K, the coset (⊖a) ⊕ K is the left inverse:
Since
, and the left loop property holds.
Note that the map π : G → G/ ker ϕ given by π(a) = a ⊕ ker ϕ is a surjective gyrogroup homomorphism, which will be referred to as the canonical projection. Note also that ker π = ker ϕ.
Theorem 5.6 (The First Isomorphism Theorem for Gyrogroups
According to the relation (5.1), φ is well defined and injective. Furthermore,
for all a, b ∈ G. Hence, φ defines a gyrogroup isomorphism, and G/K ∼ = ϕ(G) as desired. 
Normal subgyrogroups.
It is known that a subgroup of a group is normal if and only if it is the kernel of some group homomorphism, [4, Proposition 7] . Motivated by this result, we define a normal subgyrogroup as follows. A subgyrogroup N of a gyrogroup G is normal in G, denoted by N ✂ G, if it is the kernel of a gyrogroup homomorphism of G. It should be pointed out that the definition of a normal subgyrogroup agrees with that of a normal subloop, and that a normal subloop gives rise to a quotient loop, see for instance [2, 3] .
Foguel and Ungar proposed the definition of a normal subgroup of a gyrogroup, [9, Definition 4.8]. They showed that if N is a normal subgroup of a gyrogroup G, then G/N admits the quotient gyrogroup structure, [9, Lemma 4.9] . As a normal subgroup of a gyrogroup is a normal subgyrogroup in our sense, we weaken the hypothesis of Foguel and Ungar's result. They also showed that every gyrogroup G possesses a normal subgroup N such that G/N is gyrocommutative, [9, Theorem 4.11] . In addition, Baumeister and Stein showed that every right Bol-A r -loop L has a normal subloop Y such that the structure of L/Y is described, [2, Corollary 1.3].
In light of Theorem 5.5, every normal subgyrogroup gives rise to a quotient gyrogroup, and if N ✂ G, then
for all a, b ∈ G. With this definition of a normal subgyrogroup, we state and prove isomorphism theorems for gyrogroups, in full analogy with groups.
Lemma 5.8. Let G be a gyrogroup. If A G and B ✂ G, then
Proof. By assumption, B = ker φ, where φ : G → H is a gyrogroup homomorphism.
belongs to A ⊕ B. We obtain the fifth equation because B ⊕ (⊖a) ⊆ (⊖a) ⊕ B. For x, y ∈ A ⊕ B, we have x = a ⊕ b and Proof. Let φ and ψ be gyrogroup homomorphisms of G such that ker φ = H and ker ψ = K. Define ϕ : G/H → G/K by ϕ(a ⊕ H) = a ⊕ K for a ∈ G. To see that ϕ is well defined, suppose a ⊕ H = b ⊕ H; hence, ⊖a ⊕ b ∈ H. Since H ⊆ K, we have ⊖a ⊕ b ∈ K and then a ⊕ K = b ⊕ K.
For all a, b ∈ G,
Thus, ϕ : G/H → G/K is a surjective gyrogroup homomorphism whose kernel is ker ϕ = {a ⊕ H : a ∈ G, a ⊕ K = 0 ⊕ K} = {a ⊕ H : a ∈ K} = K/H. Assume that K 1 /N = K 2 /N with K 1 , K 2 in S. For each a ∈ K 1 , a ⊕ N ∈ K 2 /N implies a ⊕ N = b ⊕ N for some b ∈ K 2 and then ⊖b ⊕ a ∈ N . Since N ⊆ K 2 , ⊖b ⊕ a ∈ K 2 , which implies a = b ⊕ (⊖b ⊕ a) ∈ K 2 . Hence, K 1 ⊆ K 2 . By interchanging the roles of K 1 and K 2 , one obtains similarly that K 2 ⊆ K 1 . Hence, K 1 = K 2 and Φ is injective.
Let Y be an arbitrary subgyrogroup of G/N . By Proposition 5.3, X := π −1 (Y ) = {a ∈ G : a ⊕ N ∈ Y } is a subgyrogroup of G containing N for a ∈ N implies a⊕N =
